In this paper, by using a block-operator matrix technique, we study mixed-type reverse order laws for {1,3}-, {1,2,3}-and {1,3,4}-generalized inverses over Hilbert spaces. It is shown that ( ) B ABB is given.
{ }
Introduction
The reverse order law of generalized inverses plays an important role in theoretic research and numerical computations in many areas, including the singular matrix problem and optimization problem. They have attracted considerable attention since the middle 1960s, and many interesting results have been studied, see [1] - [10] .
For convenience, we firstly introduce some notations. Let H and K be infinite dimensional Hilbert spaces and ( ) [7] studied the mixed-type reverse-order laws for
AB . Yang and Liu [9] gave the equivalent condition of ( ) AB were discussed on operator space over Hilbert space [5] .
In this article, we study the mixed-type reverse order laws of ( ) 
when the ranges of A, B, AB are closed. We generalized the results from [7] and [9] to the case of bounded linear operators on Hilbert spaces. Moreover, a new equivalent condition of ( ) 
Main Results
To obtain our main results, we begin with some notations and lemmas. Let 
where 1 A is invertible. Also, A + has the form (
The {1,2,3}-and {1,3,4}-inverse has also similarly matrix form.
For convenience, denote by
Under these space decomposition, we get two useful representations of oper- 
where 12 A , 22 B are invertible and 24 A is surjective. 
Using Lemma 1, we get 
Using Lemma 1 again, we have 
By Lemma 1, we get 
where 21 31 , Q Q are arbitrary. By direct computation, it is clearly that ( ) Similar to the proof of Theorem 3, we also can get the following result. 
In [5] , the author gave a necessary and sufficient condition of By similarly discussing to case 1 and case 2 in the proof of Theorem 3.2, it is easy to get that ( ) 
